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INTRODUCTION

This report describes a way to add the effects of main rotor blade flexibility in the in-
plane or lead-lag direction to a large set of non-linear equations of motion for a single
rotor helicopter with rigid blades(1). Differences between the frequency of the regressing
lag mode predicted by the equations of (1) and that measured in flight (2) for a UH-60
helicopter indicate that some element is missing from the analytical model of (1) which
assumes rigid blades. A previous study (3) noted a similar discrepancy for the CH-53
helicopter. Using a relatively simple analytical model in (3), compared to (1), it was
shown that a mechanical lag damper increases significantly the coupling between the
rigid lag mode and the first flexible mode. This increased coupling due to a powerful lag
damper produces an increase in the lowest lag frequency when viewed in a frame rotating
with the blade. Flight test measurements normally indicate the frequency of this mode in
a non-rotating or fixed frame. Note that an increase in the rotating-frame frequency
corresponds to decrease in the lowest fixed-frame frequency (fixed-frame frequency =
rotor speed-rotating-frame frequency). This fixed-frame frequency associated with lead-
lag motion is often referred to as the regressing lag frequency. Another frequency appears
in the fixed frame also associated with this rotating-frame frequency. It is the sum of the
rotor speed and the rotating-frame frequency, and is called the advancing lag frequency.
This frequency is usually above the bandwidth of the flight measurements and therefore
is not considered further. The predicted change in frequency obtained by including in-
plane flexibility brought the predicted value into good agreement with the measured
value in (3). However, in this earlier study, this improvement was not incorporated into a
complete set of equations of motion. It is the objective of this study to include blade
flexibility in a full set of equations of motion and to compare the results with experiment
for a different helicopter thus providing additional verification of effect noted in (3). A
different explanation of this discrepancy is provided in (4), where it is suggested that the
frequency difference is a result of a spring around the lag hinge. The spring would of
course raise the rotating-frame lag frequency (thus reducing the fixed-frame frequency).
Since there is no experimental evidence to suggest that a spring moment exists about the
hinge on the CH-53, this explanation does not appear to be correct.

The importance of this modeling improvement is related to the fact that the regressing lag
mode of the main rotor places limits on feedback gains that can be used in the design of
flight control systems (5). It is important therefore that the characteristics of this mode be
modeled accurately.



This report presents the additions necessary to the full equations of motion, to include
main rotor blade lag flexibility. Since these additions are made to a very complex non-
linear dynamic model, in order to provide physical insight, a discussion of the results
obtained from a simplified set of equations of motion is included. The reduced model
illustrates the physics involved in the coupling and should indicate trends in the full
model. The simplified model suggests a simplification in the full model.

This final technical report describes work currently in progress. Appendix C lists the
publications and reports that have been prepared under this grant.

DISCUSSION
Full Model

The full model here refers to the additions required to the equations of motion presented
in (1) to include in-plane rotor blade flexibility. The resulting equations of motion are
presented in Appendix I. The notation follows (1) and Figure A-1 shown the geometry
involved. While, in general, the flap (out-of plane), lag (in-plane) and torsion motions of
a twisted rotor blade are coupled, it is considered that a reasonable approach for the
problem of interest is to assume that the in-plane flexibility can be considered without
including the out-of-plane or torsional flexibility. In this initial approach, the numerical
example is based on the in-plane stiffness at zero collective pitch. Certain details have
been omitted such as the reduction in effective in-plane stiffness with increasing
collective pitch. Also, only one flexible mode is employed. The results of (3) indicated
one flexible mode should provide a satisfactory result if the mode is suitably chosen. The
equations of motion are formulated so that it is a straight-forward process to include
additional modes and their degrees of freedom. At some point in this investigation the
effect of adding modes will be investigated as well as a more refined treatment of blade
flexibility. Much insight can be gained concerning the importance of these refinements
by using the reduced model described below.

The method of assumed modes (6) is used to develop the new equations of motion
relating to the flexible motion of the blade. One flexible mode is introduced for each
blade. A single coordinate, the tip deflection, describes the elastic deflection that arises
due to flexibility (Fig A-1). The deflection along the blade is described by a mode shape
which is assumed to be known. Selection of this mode is discussed below. These new
coordinates (one for each blade) result in an additional number of new equations equal to
the number of blades. In addition, there will be new terms added the existing "rigid" lag
equation for each blade (pg. 5.1-31 of (1)). Note that these equations referred to are all
written in a rotating frame (i.e., moving with the blade). At some point in the analysis the



motion variables are converted to a non-rotating (or fixed) frame by the multi-blade
coordinate relationships given on pg. 5.1-19 of (1). Similar relationships can be used for
the new coordinates corresponding to the flexible deflection. See Appendix I for the
definitions of quantities from (1) related to the problem of interest here. The pnmary
effect of these additional degrees of freedom (associated with blade flexibility) on the
helicopter motion is expected to be through their contribution the in-plane inertial shears.
Typically, the aerodynamic forces associated with lag motion are relatively small and
may be neglected. In adding terms and degrees of freedom to a very complex set of
equations in seems highly desirable to proceed in small steps, by adding a few terms, and
then interpreting the changes before proceeding to add more. At some point, all the
aerodynamic effects should be added to the equations. Appendix I provides the details.
The aerodynamic forces on the blade would primarily be affected by the additional in-
plane velocity due to flexibility.

The flexible mode shape employed in the example is selected to be a cantilever mode.
This is shown as a good choice for the problem of interest in (3). Physically it may be
noted that in the limit of an infinitely strong lag damper, the blade will be a cantilever
beam. The rigid motion can be considered as an articulated mode. When the lag damping
is small, the cantilever mode will combine with the rigid mode to produce two modes:
one is approximately the rigid mode as the coupling is weak when the damping is small;
the other is an approximation to the first articulated mode.

It may be noted that the flexible blade equation is not used in the form it appears after the
derivation. It is combined with the rigid blade equation so that a simplification is
possible. To summarize, the full model involves :

Two terms added to the rigid lag equation (A-1)

One new equation for each blade (A-3)

Terms added to the inertial shears (A-5) and (A-6)
One term added to the blade velocity (A-4)
Correction of an error in (1), in the inertial shear (A-7)

ANl S e

It is suggested that the initial approach consist of adding items 1,2, and 3 (in a simplified
form (A-5S, A-6S)). Once these additions are producing satisfactory results, the other
additions can be made. Also, investigations with the reduced model suggest that the term
in (A-3) proportional to the flexible lag acceleration can be neglected. This simplification
is called the "quasi-static model" here. Note, that the flexible lag acceleration term in (A-
1) should not be dropped.



Reduced Model

In order to obtain some understanding of the physics of this problem, and to have an
indication of the trends to be expected with the full model, a reduced or simplified model
in presented in Appendix B. This reduced model is used to investigate the variations in
the frequency and damping of the modes due to changes in blade in-plane stiffness and
mechanical lag damping. This reduced model is obtained from the full model based on
the following assumptions:

1. Aerodynamic forces are neglected. Only the effect of cyclic pitch input is retained as
this is a significant source of excitation of the lag motion. Generally, the effect of
aerodynamic forces are small in the lag motion. This is, of course, one of the reasons
for the mechanical lag damper as the aerodynamic damping tends to be small.

2. No body motion. The coupling between lag motion and body motion tends to be
weak.

3. Flap motion may be neglected. This assumption is satisfactory for our purposes here,
but should be used with care. There is significant coupling between lag and flap
although generally the frequencies are not significantly affected.

4. Constant rotor speed.

5. Lag and flap angles are small so that the equations of motion can be linearized.

These assumptions lead in the rotating frame to a set of two linear second-order
differential equations describing the coupled dynamics of the rigid lag motion and the
flexible lag deflection (equations (B-1) and (B-3)). A fourth order system is obtained as
shown in Appendix B (B-1", B-3"). Numerical results are presented using the mass and
stiffness distributions listed in Table B-1 which approximate the characteristics of the
UH-60 main rotor blades. Mode shapes correspond to rigid lag motion and cantilever
bending. When the lag damping (D) is small (less than about 5 for this example), there is
only weak coupling. The rigid mode is little changed by the addition of the flexible mode
and the there are two lightly damped oscillatory modes : one near the rigid mode( 7
rad/sec); the other is the articulated mode(154 rad/sec). As the strength of the lag
damping is increased, the modes are altered. The low frequency changes are shown in
Figure B-1a, a root locus for lag damping (D) increasing from zero to 25. The increase in
lag damping initially causes a frequency reduction as would be expected (to
approximately D=11, the value indicated by Forecast results). but as the lag damping is
increased further, the frequency becomes larger than that of the rigid mode, as the locus
tends toward the cantilever mode ( at 22.6 rad/sec). Figure B-1b compares the one-
degree-of-freedom rigid-blade model (B-3R) with the two-degree-of-freedom model,



showing the modal frequency and damping differences as the mechanical damping
increases. Compare the large difference in the frequency and modal damping at a lag
damping of D=12 (Figures B-1a and B-1b). If the stiffness of the blade (H=F2) is
reduced, thus lowering the cantilever frequency, this difference, a result of the coupling
between the rigid and flexible modes will become more pronounced at lower values of D.
Figure B-2 shows a root locus for variation of the blade stiffness parameter (H=F2) which
is proportional to the in-plane stiffness of the blade. With F2 at its estimated value (445),
the lowest mode is very close to the rigid mode. As F2 is reduced, reflecting a decrease in
the in-plane stiffness it can be seen that after a small range where the frequency
decreases, the frequency of this mode increases, and the damping decreases. For values of
F2 below 300, there is a significant frequency increase, and the modal damping is very
small at F2=50. This trend should be evident in the full model calculations.

The reduced equations can be further simplified by noting that the coefficient of the
flexible lag acceleration in the flexible lag equation is small. Neglecting this term makes
little change in the trends shown in Figures B-1 and B-2. The sketches in Figure B-3
illustrate the branch of the locus that is neglected. The flexible acceleration term in the
rigid equation however cannot be neglected without significantly changing the trends
shown in Figures B-1 and B-2.

The quasi-static equations of motion are also presented in a fixed or non-rotating frame
on page B-6 (B-3F).

SUMMARY

A method is presented to add in-plane flexibility to the equations of motion for a single
rotor helicopter with rigid blades. A reduced set of equations of motion is included to
assist in interpreting the effects in the full equations of motion due to this addition. The
sensitivity of the results to certain simplifications made in the approach, not considered to
be of primary importance, should be investigated. Specifically, limiting the approach to
one flexible mode should be examined. This can be done with the reduced model. A
refined calculation of numerical parameters such as the in-plane flexibility, to include the
effect of collective pitch and twist is desirable.
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Publications and Reports
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Journal Articles
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Hong,S.W.,and Curtiss,H.C., An Analytic Modeling and System Identification Study
of Rotor/Fuselage Dynamics at Hover, J. Mathematical and Computer Modelling,
Vol. 19, No. 3/4, February 1994

Keller,J., An Investigation of Helicopter Dynamic Coupling Using an Analytical
Model, J. American Helicopter Society, Vol.4, No. 4, October 1996 (Lichten Award
Paper) '

Amold,U.T.P. Keller,J.D. Reichert,G.,Curtiss,H.C., The Effect of Inflow Models on
the Predicted Response of Helicopters, J. American Helicopter Society, Vol.

43 ,No.1, January 1998

Conference Papers

1.

Curtiss,H.C., Physical Aspects of Rotor Body Coupling in Stability and Control, 46"
Annual Forum of the American Helicopter Society, Washington,DC, May 1990
McKillip,R.M.,Curtiss,H.C., Approximations for Inclusion of Rotor Lag Dynamics in
Helicopter Flight Mechanics Models, 17" European Rotorcraft Forum, Berlin,
Germany, September 1991

Curtiss,H.C., On the Calculation of the Response of Helicopters to Control Inputs,18"
European Rotorcraft Forum, Avignon, France, September 1992

Keller,J., Kothmann,B., Hong,S.W., Curtiss,H.C., Modeling the Inplane Motion of
Rotor Blades, 5" International Workshop on Dynamics and Aeroelastic Modeling of
Rotorcraft Systems, Rensselaer Polytechnic Institute, Troy,NY, October 1993
Curtiss,H.C., Some Modeling Issues in Helicopter Flight Dynamics, 20" European
Rotorcraft Forum, Amsterdam, Netherlands, October 1994

Kothmann,B.D., The Effects of Blade Flexibility on the Control Response of
Helicopters, 21* European Rotorcraft Forum, St Petersburg,Russia,September 1995
Keller,J., Curtiss,H.C., Modeling the Induced Velocity of a Maneuvering Helicopter,
52™ Annual Forum of the AHS, Washington,DC, June 1996

Keller,J., Kothmann,B., Curtiss, H.C., On Aerodynamic Modeling for Rotorcraft
Flight Dynamics, 22" European Rotorcraft Forum, Brighton,UK, September 1996



9. Curtiss,H.C., Aerodynamic Models and the Off-Axis Response, 55" Annual Forum of
the AHS, May 1999

Reports/Theses

1. Curtiss, H.C.,McKillip, R.M., Coupled Rotor-Body Equations of Motion-Hover
Flight, Princeton University Technical Report 1894T, Interim Report, NASA Grant
NAG 2-561,June 1990

2. Jensen, P.T., An Analytically Linearized Helicopter Model with Improved Modeling
Accuracy, Princeton University Report 1914-T(M.S.E Thesis), Interim Report,
NASA Grant NAG 2-561, August 1991

3. Keller, J.D., The Effect of Rotor Motion on the Induced Velocity in Predicting the
Response of Rotorcraft, Princeton University Ph. D. Thesis, January 1998

4. MacDonald, B. A., Studies in Helicopter Dynamics Including System Identification
Using a Linear Model of a 20,000 Ib. Utility Helicopter, Princeton University M.S. E.
Thesis, May 1990



